For a multicomponent plasma of point charges with Coulomb interactions, the exact analytical low-density expressions for leading algebraic tails of various quantum static correlations at large distances are derived at the first two orders in density in the absence as well as in the presence of a uniform magnetic field B 0 . The calculation is nonperturbative in the Planck constant ប and in the coupling with the magnetic field. It settles the existence of algebraic quantum screening for position correlations with or without charge summations. In the case of a one-component plasma ͑OCP͒ our calculation does coincide with another expression which we derive from an exact sum rule specific to the OCP. A simple physical picture emerges from our results. At low density, each algebraic tail arises merely from one effective quantum interaction: a squared dipolar energy when B 0 ϭ0 and a quadrupolar interaction in the anisotropic case B 0 0. Only Maxwell-Boltzmann statistics and free quantum motion are involved at the first two orders in density. Thus for a given value of the magnetic coupling constant the coefficient is exactly proportional to ប 4 , and when B 0 ϭ0, it coincides with the lowdensity limit of the semiclassical calculation for a Coulomb potential regularized at the origin. Quantum dynamics and quantum statistics in the presence of Coulomb interactions show up only at the third order in density where a singular dependence in ប appears. In the case B 0 ϭ0, the classical the Debye screening proves to be sufficient to enforce a cascade in the exponents of the leading algebraic tails when charges are summed over. When B 0 0 a cancellation between the Debye screening effect and its semiclassical diffraction correction may be interpreted as a consequence of the intrinsic quantum nature of statistical magnetic properties.
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I. INTRODUCTION
In the present paper we exhibit the exact analytical lowdensity limits of leading algebraic tails for various correlations at large distances r in a quantum plasma of point charges with Coulomb interaction at finite temperature 1/␤: we address the particle-particle, particle-charge, and charge-charge correlations, ␣␥ (2)T (r), ͚ ␥ e ␥ ␣␥ (2)T (r), and ͚ ␣,␥ e ␣ e ␥ ␣␥ (2)T (r), respectively. ͑In fact correlation means two-body distribution function.͒ We also produce the tail of the induced charge density ͚ ␥ e ␥ ␥ ind (r;q) in the presence of an external point charge q, which may be either finite or infinitesimal. ͓In the latter case we use the notation ͚ ␥ e ␥ ␥ ind,L (r;␦q), where the extra superscript L ͑not introduced in previous papers͒ refers to the linear response theory.͔ These exact analytical results settle the existence of algebraic screening in quantum plasmas whose Hamiltonian is that given in Paper I. Indeed, the argument of Paper I about the algebraic decay of quantum correlations in Coulomb systems at any finite density is only perturbative in the sense that it is derived from expansions with respect to an auxiliary variable, namely, the loop density. The low-density regime corresponds to physical situations of low degeneracy and weak Coulomb coupling, and the present low-density limits are derived by using the same techniques as those introduced in Paper II. Moreover, we point out that an exact sum rule for the model of the one-component plasma ͑OCP͒ implies the existence of an algebraic tail for the quantum static correlation in the presence of B 0 , as already noticed in the analogous case of the classical time-displaced correlation for the same system ͓1͔. Our result for the OCP seen as some limit of a two-component plasma does coincide with the lowdensity coefficient derived from the exact sum rule. The various qualitative and quantitative results have been summarized elsewhere in the cases B 0 ϭ0 ͓2͔ and B 0 0 ͓3͔.
The paper is organized as follows. The main results are displayed in Sec. II. In Sec. II A we give the expressions and the formal structures of low-density tails of ␣␥ (2)T (r) in order to exhibit physical mechanisms at stake. At low density, algebraic tails arise merely from squared dipolar interactions when B 0 ϭ0 or from quadrupolar forces in the anisotropic case B 0 0. Their coefficients at order 2 and 5/2 are exactly proportional to ប 4 ͑for a given value of the orbital magnetic coupling͒. A singular dependence shows up only from order 3 when quantum statistics and quantum dynamics with Coulomb interactions begin playing a role. Similarly, spin and position variables are coupled only by the latter ones so that the spin does not appear at the first two orders in densities. In Sec. II B, we point out how the exact low-density tail for the OCP may be derived from an exact sum rule established in another framework. In Sec. II C the order of magnitude of the crossover distance at which the algebraic quantum tail begins dominating the exponential classical tail is shown to be a few Debye lengths: the effect proves to be quantitatively small in the low-density regime. In Sec. III we recall relations between distribution functions for quantum particles and for loops ͑Sec. III A͒. The invariance of the measure for loop shapes under inversion allows one to simplify the discussion of the small-k behavior of correlations in Fourier space ͑see Sec. III B͒. In Sec. IV we sketch the scheme for low-density expansions. First, we perform loop-density expansions by using the scaling analysis of diagrams introduced in Paper II ͑Sec. IV A͒ and then we replace loop densities by their expressions in terms of particle densities ͑Sec. IV B͒. Section V is devoted to the case B 0 ϭ0. As at any finite density, there occurs a cascade of power laws when charges are summed over: a simple mechanism involving only classical Debye screening is shown to be efficient enough at the first two orders in density ͑Sec. V A͒. Explicit results at these orders are produced ͑Secs. V B and V C͒ and diagrams that contribute at next order in density are listed in order to discuss other quantum effects that appear only from third order ͑Sec. V D͒. In particular, we discuss the dependence of coefficients upon the Planck constant ប. The case B 0 0 is investigated in Sec. VI. Arguments of invariance under inversion enforce constraints on the diagrams to be considered ͑Sec. VI A͒. A cancellation between classical Debye screening and its semiclassical diffraction correction, which occurs only at the first order in density, is analyzed ͑Sec. VI B͒. The explicit values of the 1/r 5 tails and their limits in weak or strong magnetic field are given ͑Sec. VI C͒. In Sec. VII the case of the OCP is handled as a limiting case of a two-component plasma in the absence ͑Sec. VII A͒ as well as in the presence ͑Sec. VII B͒ of B 0 . In the conclusion ͑Sec. VIII͒, after discussion of some qualitative results ͑Sec. VIII A͒, we consider other approaches to get a deeper insight into physical mechanisms at stake. The compatibility of algebraic screening with exact sum rules which characterize perfect screening is discussed in the lowdensity regime ͑Sec. VIII B͒. When B 0 ϭ0, low-density expansions of exact quantum tails coincide with low-density expansions of semiclassical expressions, because the exact result is exactly proportional to ប 4 at the first two orders in density ͑Sec. VIII C͒. When B 0 0 ͑Sec. VIII D͒, the intrinsic quantum nature of the algebraic tails which occur only in the presence of the magnetic field is discussed by comparison with the simple model recalled in Paper I. The nonlinearity of the induced charge at the first order in density is explained. Finally ͑Sec. VIII E͒, we recall that algebraic tails with the same exponents as in the quantum case also appear in classical time-displaced correlations. In the latter case the polarization cloud cannot follow instantaneously the motion of the charge, because of inertia effects that are involved as soon as time-displaced averages are considered; then the dynamical classical fluctuations of the instantaneous dipole associated with a charge and its screening cloud play a role similar to that of the static quantum fluctuations.
II. MAIN RESULTS

A. Formal structures of low-density tails
In the present section we resume the description that emerges from our final expressions for the low-density particle-particle correlation at the first two orders 2 and 5/2 . ͑As in Paper II, is a generic notation for particle densities, while a term which is exactly of order n is denoted by f ͕n͖ .) A particle of species ␣ is characterized by its mass m ␣ , its charge e ␣ , and its spin បS ␣ . In fact, the spin will not be involved in the expressions at order 2 and 5/2 . When B 0 ϭ0, at the first order in density, 
where V ␣ 1 ␣ 2 eff(6) (r)͉ ͕n͖ is a purely algebraic effective potential proportional to 1/r 6 . S D,␣␥ cl (r), which decays exponentially fast, is the Debye part of the classical structure factor. The structure factor is defined as
͑4͒
In terms of dimensionless Brownian bridges i which describe quantum position fluctuations ͑see Sec. III B of Paper I͒, V ␣ 1 ␣ 2 eff(6) (r)͉ ͕n͖ is the average of some squared dipolar interaction over all possible shapes ␣ i i with a normalized Gaussian measure D( i ) and a typical extent equal to the de Broglie thermal wavelength ␣ ϵͱ␤ប 2 /m ␣ . At zero density
where W 3 is a purely quantum dipole-dipole potential,
͑6͒
and W 3 (r, 1 , 2 ;␣ 1 ,␣ 2 ) is the 1/r 3 tail of
where v C (r)ϭ1/r. The mean value ͐D( 1 )͐D( 2 )W 3 (r, 1 , 2 ;␣ 1 ,␣ 2 ) vanishes by arguments of invariance under i →Ϫ i . All 1/r n terms W n arising from the large-r Taylor expansion of W and which are not canceled by inversion invariance of the measure D() are in fact short ranged, because, after the rotational invariance of D() has been taken into account, the latter terms are reduced to powers of the Laplacian of 1/r and ⌬(1/r)ϭϪ4␦(r). The explicit values of V ␣ 1 ␣ 2 eff(6) (r)͉ ͕n͖ with nϭ0,1/2 are given in Sec. V C.
We notice that in the case of a two-component plasma A ␣␥ / ␣ ␥ is independent from species ␣ or ␥ in the lowdensity limit and the force corresponding to A ␣␥ ͕2͖ ϩA ␣␥ ͕5/2͖ is attractive.
When B 0 0, rotational invariance is broken in one space direction and nonsquared multipole-multipole interactions partially survive after statistical average. At the first order in density,
͑8͒
where P 4 (x) is a Legendre polynomial and is the angle between B 0 and r, as already noticed in Paper I, while P 4 (x)ϭ͓35cos4ϩ20cos2ϩ9͔/64. In Eq. ͑8͒ 
where V ␣␥ eff(5) is a purely quantum quadrupole-quadrupole interaction
with
W 5 is not short ranged in spite of the harmonicity of the Coulomb potential, because the measure D B 0 () is anisotropic in the presence of B 0 . By using the covariance of a Brownian motion driven by a uniform magnetic field ͑given in Sec. III C of Paper II͒, we get Eq. ͑8͒. D ␣␥ ͕2͖ /r 5 contains only one direct quadrupolar contribution without any Debye screening ͓contrary to what happens in Eq. ͑2͒ for A ␣␥ ͕2͖ ] and there is no dipole-dipole or dipole-quadrupole quantum interaction screened by monopole-dipole Debye interaction either. Indeed, there occurs a cancellation mechanism between classical exponential Debye screening and semiclassical diffraction corrections to it, so that the medium has no net contribution to Eq. ͑10͒. At next order, the same cancellation mechanism is involved but it does not suppress all screening contributions.
The cancellation of Debye screening contributions may be related to the intrinsically quantum dynamical nature of statistical effects due to the magnetic field. It does not appear in the case of the 1/r 6 subleading tail in the presence of B 0 . Indeed, according to Sec. VIII A of Paper I, a 1/r 6 decay arises from the same diagrammatic structure whether B 0 is switched on or not, and A ␣␥ ͕2͖ (r;B 0 )/r 6 ͑with rϵr/͉r͉) is analogous to the tail of the convolution ͑2͒ with the measure D B 0 () in place of D() in Eq. ͑5͒. The coefficient A ␣␥ ͕2͖ (r;B 0 ) is anisotropic, because the effective potential
The coefficients of all considered tails at orders lower than 3 are entirely determined by quantum dynamics of independent particles ͑in the absence or in the presence of B 0 ), Maxwell-Botzmann ͑MB͒ statistics, and classical Debye screening. However, from order 3 on, mechanisms are more intricate and contributions from quantum dynamics and quantum statistics for interacting charges appear in the structures of algebraic tails.
When charges are summed over, internal screening is involved in the relation between exponents of correlation decays at any finite density ͑as already discussed in Fourier space in Paper I͒. At the first two orders in density, when B 0 ϭ0, classical Debye screening by itself is sufficient to lead to the cascade of power laws A ␣␥ /r 6 , B ␣ /r 8 , and C/r 10 for ␣␥ (2)T (r)͉ B 0 ϭ0 , ͚ ␣ e ␥ ␣␥ (2)T (r)͉ B 0 ϭ0 , and ͚ ␣,␥ e ␣ e ␥ ␣␥ (2)T (r)͉ B 0 ϭ0 , respectively. Indeed, at the first two orders in density, B ␣ /r 8 and C/r 10 may also be interpreted as the tails of the convolution ͑2͒ with corresponding charge summations with the results
͑14͒
When B 0 0, all correlations ͑with or without summation over charges͒ decay with the same 1/r 5 inverse power law. At first orders 2 and 5/2 this may be accounted for by the fact that internal screening mechanisms, involving both the classical monopole-monopole Debye potential and its semiclassical ''diffraction'' correction ͑more precisely a dipolemonopole Debye interaction͒ partially cancel one another at first orders in density.
Screening of an external charge is also investigated. At low density, when B 0 ϭ0, classical Debye screening of an external charge enforces a cascade in the density orders at which the coefficients A ␣␥ , B ␣ , and C start. The leading B Ã /r 8 tail of the induced charge density reads
It starts at order 0 ; henceforth the 1/r 8 tail of the induced charge density does not vanish in the strict zero-density limit. The reason is that such a tail is valid for distances which are far larger than the Debye screening length so that the existence of the medium is always taken into account implicitly. When B 0 0, the tail D ␣␥ /r 5 of ␣␥ ) results only from nonlinear effects in each charge e ␣ . Indeed, at order 2 , it does not involve any net contribution from Debye screening ͑which is linear in e ␣ ) while the bare Coulomb interaction is proportional to e ␣ and the quadrupolar moment associated with the quantum motion of each charge e ␣ in Eq. ͑12͒ is quadratic in small e ␣ when B 0 is switched on. ͓More precisely it varies as e ␣ 2 /m ␣ 3 ; this can be checked from the explicit formula ͑8͒.͔ As a consequence, the tail of the induced charge density ͚ ␥ e ␥ ␥ ind (r;q)͉ B 0 , which can be derived from ␣␥ (2)T (r)͉ B 0 ͑see Sec. VIII C of Paper I͒, is nonlinear in q at the corresponding order : it becomes cubic with respect to the ratio q/m q for the external charge when the latter goes to zero-and henceforth vanishes for a fixed infinitesimal external point charge which cannot be sensitive to the magnetic field ͑since its mass must be seen as infinite͒. Indeed, according to the loop formalism, the tail of the induced charge density ͚ ␥ e ␥ ␥ ͑see Sec. VI B 4͒.
B. The OCP as a test bench
An interesting test bench for our calculations is the model of the quantum OCP. The OCP is special in the sense that there exists an exact sum rule ͓4͔ that determines the value of the term of order ͉k͉ 2 in the Fourier transform of the structure factor S OCP (r)ϭ␦(r)ϩ OCP (2)T (r). ͑This sum rule arises from the fact that the center of mass decouples from relative coordinates and is only submitted to the harmonic force of the background.͒ When B 0 ϭ0, this term is analytic, which is in agreement with the 1/r 10 leading algebraic decay of the charge-charge correlation e 2 S OCP (r 
The term in the right-hand side of Eq. ͑16͒ corresponds to the double limit lim L→ϱ lim R→ϱ of ͐ C drЈ͐drv C (r ϪrЈ)e 2 S OCP (rЈ) where rЈ is integrated over a cylinder C with radius R and length 2L and whose axis is parallel with B 0 . The ͉k͉ 2 term in e 2 S OCP ͉ B 0 (k) is not analytic in the components of k, because frequencies ϩ and Ϫ oscillate with the angle k ,
where c ϵ(e/mc)B 0 is the cyclotronic frequency and p ϭͱ4e 2 /m is the plasmon frequency. When B 0 0 such an oscillatory behavior in the angle k between B 0 and k also appears in density waves with large wavelength in the random phase approximation ͓5͔. We notice that if B 0 ϭ0, then ϩ 2 ϭ p 2 and Ϫ 2 ϭ0, and Eq. ͑16͒ reduces to the sum rule derived in ͓6,7͔,
͑18͒
The dependence on cos k of the exact term ͑16͒ is intricate. However, explicit analytical results may be obtained in the low-density regime at u C ϭ␤ប c /2 fixed. At order , the ͉k͉ 2 term in S OCP (k) involves a term proportional to k 2 plus a contribution with k 2 (cos k ) 2 ϭ͓k͔ z 2 , which is anisotropic but analytic. At order 2 there appears an extra k 2 (cos k ) 4 ϭ͓k͔ z 4 /k 2 term, which is nonanalytic. We have checked that the low-density coefficient D OCP ͕2͖ at order 2 which is derived from our low-density results for a two-component plasma does coincide with the inverse Fourier transform of the nonanalytic part in the low-density limit of the exact ͉k͉ 2 term in S OCP (k).
C. Orders of magnitudes
The crossover distance r * between the Debye exponential decay and the algebraic tail may be calculated in some physical situations, where conditions for low-density expansions are met. In regimes of weak Coulomb coupling and low degeneracy, the numerical value of the algebraic tail of the particle-particle correlation becomes more important than that of the Debye exponential decay only at distances of about ten Debye lengths, in the absence ͓2͔ as well as in the presence ͓3͔ of B 0 .
The latter estimations are obtained by considering tails of particle-particle correlations for a symmetric two-component plasma in order to get very simple analytical expressions in terms of dimensionless parameters of the problem. For a symmetric two-component plasma in which e ϩ ϭϪe Ϫ ϵe, the local neutrality relation implies that ϩ ϭ Ϫ ϵ. The Debye expression, which is exact for a classical plasma in the limit of weak Coulomb coupling ͓8͔, reads
where sgn(e ␣ ) is the sign of the charge e ␣ , xϵr/ D , and D is the Debye length, D ϵ D Ϫ1 . The mean interparticle distance a is calculated from the relation (4/3)a 3 (2)ϭ1, so that the coupling constant is ⌫ϵ␤e 2 /aϭ(1/3)(a/ D ) 2 . When B 0 ϭ0, the first-order term ͑1͒ in the 1/r 6 tail of
where Ϫ is the de Broglie thermal wavelength of negative charges, Ϫ ϵͱ␤ប 2 /m Ϫ . For instance, the core of the Sun may be seen as a hydrogen plasma almost fully ionized by pressure and temperature, with a mass density m ϳ160 g/cm 3 at temperature Tϳ1.5ϫ10 7 K. Thus aϳ0.1 Å, the system is rather weakly degenerated, Ϫ /aϳ0.7, and weakly coupled, ⌫ϳ0.1. The contribution from the algebraic tail A ␣␥ /r 6 becomes as large as the classical Debye-Hückel approximation at a crossover distance r * ϳ31 D . In the presence of B 0 , we use the simple form ͑8͒ valid in the limit where B 0 ϭ͉B 0 ͉ becomes infinite,
͑21͒
In the opposite regime of very weak B 0 , the limiting law is just equal to Eq. 
III. BASIC FORMULAS AT ANY DENSITY
A. Particle versus loop correlations
The part of the correlation that arises from configurations where particles at positions 0 and r are not exchanged under a cyclic permutation of quantum statistics may be expressed as ͓9͔
with notations of Paper I. In the part of the paper devoted to the derivation of the coefficients of algebraic tails, we use the notation ␣ a and ␣ b in order to keep track of loops that are root points in the diagrammatic representation of the Ursell function h. We recall that a ''point'' in a diagram denotes the loop variables (R,). The analogous nonexchange part of the induced charge density reads ͓10͔
where G f is defined as
͑24͒
The structures of leading algebraic tails of various correlations have been given in terms of diagrams with weight (L) before any expansion in Paper I. They involve diagrams ⌸ with bonds F cc , F cm , F R ϪW, and W. For all kinds of correlations, they are expressed in terms of one and the same function h nn , with proper ''dressings'' which describe screening of monopole-monopole and monopole-multipole quantum interactions. h nn is the sum of all diagrams in h in which root points are not Coulomb root points, i.e., in which each root point L r is neither the end point of a single bond
where ⌺ D describes a loop surrounded by a polarization cloud in the mean-field ''Debye'' approximation ͑see Sec. VIII A of Paper I͒. We recall that * denotes a convolution in position space and an integration over the internal degrees of freedom of the intermediate loop.
B. Structure of Fourier transforms of correlation tails
Since diagrams of interest are convolutions, we work in Fourier space. Indeed, the large-distance behavior of a convolution f *g is merely given by the nonanalytical singularities in the product of small-k expansions of Fourier transforms of f and g ͑see Sec. VI B of Paper I͒.
According to the general study performed in Paper I, the orders in ͉k͉ of dressings and of h nn are determined by two kinds of symmetry arguments: on one hand, parity arguments which occur when loop shapes are integrated over and, on the other hand, arguments of rotational invariance around any axis ͑or only around some given direction͒ which make ͑or do not make͒ some terms analytical in the components of k. In the very simple example which we mentioned in Eq. ͑25͒ when B 0 ϭ0, the terms of order ͉k͉ 0 , ͉k͉, and ͉k͉ 2 in the singular part S h nn( k, 1 , 2 ) of the Fourier transform of h nn are canceled by symmetry arguments at any finite density and singularities of h nn (k) appear only from order ͉k͉ 3 . We notice that, if the first term in the Fourier transform of the dressing is of order ͉k͉ p with pϾ0, then the order of the singular term to be looked for in S h nn is lowered for a given inverse power law in the decay of the considered correlation.
Moreover, the part of S h nn( k,X 1 ,X 2 ) which is relevant has a given parity in X i , because each term of a given order in ͉k͉ in the small-k expansion of the dressing has a given parity in the shapes of its arguments. As in Paper I, we use the notation f [q,qЈ] (,Ј) where qϭ0 (qЈϭ0) if f is even under inversion of X (XЈ) and qϭ1 (qЈϭ1), if it is odd. According to Sec. VIII A of Paper I
where O anal (͉k͉ 4 ) denotes a term of order ͉k͉ 4 which is analytical in the components of k, and at any order in ͉k͉
With the convention that the root point is always a Coulomb point in dressings by ⌺ D and F cm , so that
where (p)ϭ0 if p is even and (p)ϭ1 if p is odd. In fact, F cm is independent of X a . Moreover, according to Sec. V A of Paper II,
Other properties arising from parity arguments are useful to simplify formulas. First,
where W 3 is the 1/r 3 part in the purely algebraic term
͑32͒
Only W 3 contributes to ͐drW(r) in Eq. ͑31͒, because every derivative of greater order than 2 that is not canceled by parity arguments involves an even power of the Laplacian of 1/r, the integral of which vanishes. ͑This property has already been used in Sec. IV B of Paper II.͒ Since ⌬(1/r)ϭ Ϫ4␦(r),
Moreover,
and subsequently, according to Eq. ͑31͒,
͑35͒
In the present simple example ͑25͒, only the part
is to be considered because ⌺ D (kϭ0,;Ј) is even under inversion of both its arguments. As a conclusion, the part from h that does contribute to the 1/r 6 tail of 
S h
͑ 3 ͒ ͉ B 0 ϭ0 ͑ k, a , b ͒ϭ ͵ d 1 ͵ d 2 ϫ⌺ D ͑ 0 ͒ ͑ k, 1 ; a ͒S h nn ͑ 3 ͒[0,0] ͑ k, 1 , 2 ͒ ϫ⌺ D ͑ 0 ͒ ͑ k, 2 ; b ͒. ͑36͒
IV. SCHEME FOR LOW-DENSITY EXPANSIONS
Once structures of correlation tails have been analyzed in Fourier space, the low-density expansions may be achieved in two steps: a first expansion in terms of the loop density, and a second one in terms of the particle density. As in Paper II, the order in density ͑of loops or of particles͒ is denoted by braces in order to avoid confusion with the order in k which is referred to in parentheses. We use the notation loop n ͓ n ͔ for the order in loop ͓particle͔ density.
A. Loop-density expansions
Dressings at low loop density
Dressings are entirely scaled by ϭͱ4␤͐dp 2 e 2 () according to the definitions of F cc and F cm given in Sec. IV A of Paper I. Simple results are the following.
exactly, and, according to Eq. ͑26͒,
Moreover, the term of order ͉k͉ 2q is proportional to loop Ϫq , so that the order in decreases when the order in ͉k͉ increases. On the contrary, F cm has a more complex structure. Nevertheless, we only need a property derived from Eq. ͑28͒, namely,
͑Ј͒F
cm͑1 ͒ ͑ k,;Ј͒ϭO͑ loop 0 ͒. ͑38͒
Loop-density expansions for tails of h nn
According to Ref. ͓10͔ and Sec. VII A of Paper I, a tail S h nn (␥) (r,,Ј) is expressed as a 1/r ␥ term independent of any loop density times integrals of functions G that involve graphs ⌸ with weights (L) and bonds F cc , F cm , F R ϪW, and W. These G's are expanded in powers of loop density and then in powers of particle density by decomposing diagrams ⌸ in terms of diagrams ⌸ T with bonds F cc , F cm , ͓F cc ͔ 2 /2, F RT ϪW, and W, with F RT ϵF R Ϫ͓F cc ͔ 2 /2. Indeed, the loop then expansions rely on a scale analysis in loop introduced in Sec. IV A of Paper II for the derivation of the low-density free energy, with the only difference that the bond F RT is split into F RT ϪW and W, because the latter decomposition is the proper one for selecting algebraic tails.
The orders in loop for F cc and F cm have already been given. F R (k) and W(k) are known from Sec. IV B of Paper II, and
We notice that properties ͑31͒ and ͑35͒ also hold when F R is replaced by F RT . As shown below, the expansions of algebraic tails of S h nn start at order zero in loop .
B. Particle-density expansions
Expansions in terms of quantum particle densities are performed by using the expansions of (L), , and of bonds. We recall that integration over loop shapes cannot diminish the order in density, but, on the contrary, it can only increase it.
The fundamental properties for the -expansion of the loop density have been derived in Sec. III D of Paper II:
and ϭ D ϩO(
). Equation ͑40͒ is valid in the presence as well in the absence of a magnetic field ͑because it comes from a diagrammatic structure͒.
As shown below, only loops with pϭ1 will have to be taken into account in the study of the coefficients of leading tails at the first two orders in density. For instance, the coefficient A ␣ a ␣ b of the 1/r 6 tail of the particle-particle correla- , respectively. The tail of the particle-particle correlation will not be calculated up to order 3 , because sources of mistakes are too numerous. Indeed, (L) should be expanded up to order 2 , dressings in Fourier space should be taken into account further than up to the first simple orders in and k, and diagrams with more numerous internal points would be involved. For the same reasons, we will not give the subleading tails of correlations.
However, in view of the qualitative discussion of higherorder terms in , we give more precise formulas for ␣,1 () and ␣,2 (X 2 ) at orders 2 and 5/2 . These expressions are derived from results in Sec. III D of Paper II. In the difference J ͕1͖ ()Ϫ͐D B 0 (Ј)J ͕1͖ (Ј), only the part of J ͕1͖ () that explicitly depends on does contribute and, according to a formula in Sec. III E and calculations in Sec. IV B of Paper II,
In Eq. ͑41͒ we have used notations of Sec. III E of Paper II where E ␣ *ϵ͐D(X 2 )E exch,␣ * (X 2 ). The term of order 3/2 has the structure
The loop density with pϭ2 is
͑43͒
The correction of order 5/2 is equal to the term of order 2 given in Eq. ͑43͒ times ␤e ␣ 2 D . Equations ͑41͒-͑43͒ will not be written more precisely, because the only important point is that, after integration over or X 2 , these terms will give rise to diagonal or exchange matrix elements of twobody quantum Gibbs factors.
V. CASE B 0 ‫0؍‬
The diagrammatic structures of leading tails of various correlations have been given in Secs. VIII B and VIII C of Paper I. In the present section we immediately select the part of the Fourier transform of the dressing that gives the contribution to the first orders in loop . This selection is done from the start in order to avoid writing the more complex formulas that hold before loop expansions.
A. Structure in Fourier space and dressing at low loop density
The structure of the Fourier transform of the 1/r 6 tail of the particle-particle correlation has been derived as an example in Sec. II A. We recall briefly the main lines of the arguments leading to Eq. ͑36͒. According to Paper I, the 
The B ␣ a /r 8 tail of the particle-charge correlation
mc , according to Sec. VIII B of Paper I. The analysis of the structure in Fourier space is the following. After summation over charges, the Fourier transform of ⌺ D ** gives a contribution that begins at order ͉k͉.
Indeed,
and a priori both 1/r 5 and 1/r 6 tails of h nn should contribute to the 1/r 8 tail of interest. However, only the term k 2 ͓( 2 )/ 2 ͔ does contribute at the first orders loop 2 and loop 5/2 in B ␣ /r 8 . In other words, terms of interest come only from ⌺ D* h nn * ⌺ D , as in the case of the particle-particle correlation, though the general diagrammatic structures of
nite density. Therefore these terms involve only
The C/r 10 tail of the charge-charge correlation
An analysis similar to that performed for the particle-charge correlation shows that, at the first two orders in loop , the C/r 10 tail arises only from
The nonexchange part of the induced charge density ͚ ␥ e ␥ ␥ ind (r;␦q) in the presence of an infinitesimal external charge ␦q located at the origin is given by the linear response expression ͑23͒. It decays as 1/r 8 ͓10͔, as the particlecharge correlation. According to Sec. VIII C of Paper I, the B/r 8 tail of the induced charge density originates from
According to Eqs. ͑26͒ and ͑28͒
͑49͒
This expression is similar to Eq. ͑45͒ without the term A (2) (k) and with the change of X 2 into ϪX 1 . Another screening equation reads
where G f is defined in Eq. ͑24͒. Equations ͑49͒ and ͑50͒ imply that the 1/r 8 tail of the induced charge density at the lowest order in loop is entirely determined by
It is reduced to 
where W 3 is the 1/r 3 tail of W defined in Eq. ͑32͒ and the corresponding part of h comes from the diagram ⌸ equal to
from Eq. ͑44͒ with
͑53͒
The corresponding part of h arises from the sum of the diagram ⌸ ,
and from the symmetric diagram
͑55͒
The 
where loop ͕1͖ denotes a contribution of the loop density () with pϭ1 while loop ͕2͖ corresponds either to the exchange term in the expansion of () given in Eq. ͑41͒ or it refers to the leading term in ␣,2 (X 2 ) which is equal to Eq. ͑43͒. Terms with a purely 1/r 6 tail involving three intermediate points at order loop 3 are of the form
where
, and G 3 ͕1͖ are given in Appendix B. ͑We notice that in the present case the index ͕n͖ refers to the order in density of the function after its integration over position variables.͒ C. Results at the first two orders in particle density An important conclusion of Sec. V B is that, at the first two orders in loop , the coefficients of all tails A ␣␥ /r 6 , B ␣ /r 8 , C/r 10 , and B Ã /r 10 prove to arise only from ⌺ D* h nn * ⌺ D . ϾFrom now on, we replace ␣ a by ␣ and ␣ b by ␥.
Now we turn to expansions by using the properties ␣,p (X p )ϭO( p ) and ␣,1 ()ϭ ␣ ϩO( 2 ) for B 0 ϭ0 ͓see Eq. ͑40͔͒. At the first two orders in density the coefficients of all tails of interest are determined by diagrams where ͑root or internal͒ loops with only pϭ1 are to be considered. Thus ͐d is replaced by ͚ ␣ ͐D(), and ␣ () by ␣ . Then the dressing is reduced to a classical Debye contribution
where S D,␣␣ 1 cl is given by Eq. ͑4͒. Besides, the 1/r 3 tail W 3 of W in Eq. ͑32͒ takes the value ͑6͒ for p 1 ϭ p 2 ϭ1.
Particle correlation
According to the preceding section, the first two terms in the loop expansion of A ␣␥ /r 6 are of orders loop 2 and loop 5/2 and are given by Eqs. ͑44͒, ͑52͒, and ͑53͒. When dressings by ⌺ D are replaced by Eq. ͑60͒, the 1/r 6 tail of the particleparticle correlation ␣␥ (2)T (r)͉ B 0 ϭ0 at orders n with n ϭ2,5/2 reads
where V ␣ 1 ␣ 2 eff(6) (r)͉ ͕0͖ is defined in Eq. ͑5͒ and
In Eq. ͑62͒ '' sym. term'' denotes a symmetric term obtained by exchanging the roles of ␣ 1 and ␣ 2 . Equation ͑61͒ is indeed equal to the tail of the convolution ͑2͒.
In terms of the covariance introduced in Sec. III C of Paper II, the squared mean dipolar potential reads
According to the explicit value of the covariance for independent particles recalled in Sec. III C of Paper II, the four integrations over the s variables give a factor 1/720. Since ͚ , ‫ץ͓‬ (1/r)͔ 2 ϭ6/r 6 , we get
The expression of Ϫ␤V ␣ 1 ␣ 2 eff(6) (r)͉ ͕1/2͖ is derived from Eqs.
͑62͒, ͑64͒, and
By using Eq. ͑60͒ the coefficients A ␣␥ ͕n͖ (nϭ2,5/2) of the 1/r 6 tail given by Eqs. ͑61͒, ͑62͒, ͑64͒, and ͑65͒ may be written in the following concise form:
where e/m 2 ϭ4␤ ͚ ␣ ␣ e ␣ 3 /m ␣ . For instance, summations over ␣ 1 and ␣ 2 are performed with the result ͑1͒.
For a two-component plasma of charges e ϩ and e Ϫ , with masses m ϩ and m Ϫ , the previous general formulas at orders 2 and 5/2 may be specified by using the neutrality relation e Ϫ Ϫ ϭϪe ϩ ϩ . We find
␤ D e ϩ ͉e Ϫ ͉ ͬ .
͑69͒
The ratio A ␣␥ ͕5/2͖ /A ␣␥ ͕2͖ is of order (a/ D ) 3 , namely, of order ⌫ 3/2 where ⌫ is the coupling constant defined after Eq. ͑19͒. The correction is indeed negligible in the weak-coupling limit. We notice that, in the case of a two-component plasma, the neutrality relation implies that the coefficients A ␣␥ ͕n͖ of the 1/r 6 tail of particle-particle correlations at orders n , with nϭ2,5/2, are positive. The corresponding effective interac-tion is attractive, whatever the signs of the charges. Moreover these coefficients satisfy the relation
We stress that, from a technical point of view, this equality arises only from the neutrality relation and from the structure ͑66͒ where A ␣ 1 ␣ 2 ͕n͖ has no special property. From a more physical point of view, the peculiar identity ͑70͒ is due to a classical contribution in the screening of every quantum charge by the surrounding plasma, as discussed in Sec. VIII D.
Other correlations
͑73͒
As already mentioned, at the first two orders in density, these tails arise only from 
and we retrieve Eqs. ͑71͒ and ͑72͒ from Eq. ͑2͒. Thus, at the first two orders in density, the tails coincide with those of the convolution ͑2͒ with adequate charge summation.
At the first order in density we get Eqs. ͑13͒, ͑14͒, and ͑15͒. Comparison of Eq. ͑15͒ with the linear term with respect to the given charge e ␣ in Eq. ͑13͒ shows that the algebraic tails of the linearly induced charge density and of the particle-charge correlation satisfy the more general relation
which is valid at any distance. Equation ͑75͒ also holds for any finite charge e ␣ and we derive from Eq. ͑13͒ that the B Ã͕0͖ /r 8 tail of the charge density induced by a finite external charge q reads 
͑76͒
where m q is the mass of the particle with charge q. At the first order 0 the response to an external charge q involves both a linear contribution in q and a quadratic one. However, the latter term exists only if the external charge is quantumaccording to its origin from the formula ͑66͒-because a classical external charge corresponds to the limit m q going to infinity. In Eq. ͑80͒ f ␣␥ (ប) is a function of ប which is fully quantum because it involves either a diagonal or a nondiagonal matrix element of exp͓Ϫ␤H ␣ Ј ␥ Ј ͔.
VI. CASE B 0 0
In the following, we will omit the indexes B 0 . As in the case B 0 ϭ0, the scheme of the discussion is that presented in Sec. III. In particular, we use the results of Paper I about the structures of diagrams that contribute to the various 1/r 5 tails. Since summations over charges do not change the exponents of the leading algebraic tails-their consequence in the diagrammatic language is only to suppress contributions from some diagrams-the D ␣␥ ͕2͖ (r)/r 5 , D ␣ ͕2͖ (r)/r 5 , and
T (r), and ͚ ␣,␥ e ␣ e ␥ ␣␥ (2)T (r) ͑where rϵr/͉r͉), respectively, satisfy
These identities are explicitly checked at the first two orders in density in Appendix C.
A. Structure in Fourier space
According to the analysis in Sec. 
Since h nn (r, 1 , 2 ) decays at least as 1/r 3 before integration over loop shapes X a and X b , h nn (k, 1 , 2 ) contains singularities from order ͉k͉ 0 on; thus the Fourier transform S pp (2) (k, a , b ) involves terms of orders ͉k͉ 0 , ͉k͉, and ͉k͉ 2 in the small-k expansion of ⌺ D *(k, i ; r ) where r is a root point. According to Eqs. ͑26͒ and ͑28͒, ⌺ D * is even under inversion of loop shapes of root points, while the term ⌺ D * (q) of order ͉k͉ q in ⌺ D * is of parity (Ϫ1) q under inversion of each internal loop shape X i ; the latter property constrains the parities of the tails of h nn that may contribute after integration over loop shapes. In order to simplify notations, we will not indicate the parities of ⌺ D * but only those of
S h nn
(p) [q,qЈ] . A first contribution given by the dimensional analysis of the order in ͉k͉ is
vanishes, because S h nn (0)[0,0] ϭ0 according to the general study of the structure of tails before integration over loop shapes ͑see Appendix A of Paper I͒. S pp (2) (k, a , b ) may be written as the sum of three contributions,
where we have used the identities ⌺ D * 
is of parity (Ϫ1) l i ͓(Ϫ1) l j ͔ with respect to X i (X j ). With these definitions, we get in Fourier space ] . ͑90͒
At next order in loop density
In Eqs. ͑92͒ and ͑93͒ charge indexes and summation over species of intermediate points are implicit as in the notation of convolutions in position space introduced in Eq. ͑25͒.
Cancellations at the first two orders in particle density
At the first two orders in density, many contributions in S pp (5) (r) cancel each other by virtue of the identity
͑94͒
Indeed, the left-hand side of ͑94͒ is equal to 
This cancellation mechanism seems to be specific to the first order in density. It still partially operates at order 5/2 , but from order 3 property ͑94͒ cannot be applied when the expansion of () is used at orders higher than or when ␣,2 (X 2 ) occurs.
Particle-particle correlation at the first order in density
In the case of the particle-particle correlation, the where
In Eq. ͑102͒ we have added the index ␣ in the notation of the measure D B 0 () in order to recall the dependence of the measure upon the species when B 0 0. 
͑109͒
Now, we turn to the explicit values of the D ␣␥ /r 5 tail at the first two orders in density. D ␣␥ ͕n͖ with nϭ2,5/2 may be written in the concise forms
͑112͒
In Eq. ͑112͒ the symmetric term is obtained by exchanging the roles of ␣ and ␥. Comparison of Eqs. ͑111͒ and ͑112͒ shows that, according to Eq. ͑110͒,
͑113͒
The analytical expression of A(u C␣ ,u C␥ ) is determined by dynamics of independent charges in a magnetic field. 
Induced charge density
The D Ã /r 5 tail of the ratio ͚ ␥ e ␥ ␥ ind,L (r)/␦q for the linearly induced charge arises from diagrams which are different from those involved in the D ␣ /r 5 tail of the particlecharge correlation for finite charges of the plasma. D Ã /r 5 is given by Eq. ͑23͒ where G h (k, a ) is replaced by the Fourier transform S G h (4) (k, a ) of its 1/r 7 tail S G h (7) (r, a ),
͑118͒
In fact, according to Sec. 
͑119͒
A straightforward calculation leads to
͑120͒
Henceforth, since F cm (k, a , 1 )ϭO(͉k͉) and according to parity arguments,
͑121͒
The (2)T (r) because of the cancellation mechanism ͑94͒ at low density.
The latter result is in agreement with the value D ␣ ͕2͖ ϭ ͚ ␥ e ␥ D ␣␥ ͕2͖ for the coefficient of the 1/r 5 tail of the particlecharge correlation at the first order 2 . Indeed, the infinitesimal induced charge is generically given by the linear term in e ␣ in the particle-charge correlation ͚ ␥ e ␥ ␣␥ (2)T (r)/ ␣ , as recalled in Eq. ͑75͒. Thus
Indeed, the coefficient of the 1/r 5 tail of ͚ ␥ e ␥ ␣␥ 
͑126͒
It is cubic in q/m q when q/m q vanishes. We now turn to the tail of the linearly induced charge density at next order 3/2 . Since only loops with pϭ1 contribute at this order, the cancellation mechanism ͑94͒ at first order in density operates and only the part (1/2)w 4
given in Eq. ͑92͒. According to Eqs. ͑121͒ and ͑87͒, the Fourier transform of D Ã͕3/2͖ /r 5 comes from
where F ␥␣ 2 ind,L is defined as F ␥␣ 2 pp given in Eq. ͑102͒ with the
͑128͒
The nonanalytic term in Eq. ͑128͒ is similar to the nonanalytic expression ͑105͒ with 2͐ 0 1 ds␦C ␥ (s,s 1 ) in place of ␦C ␣ (s 1 ,s 1 ). After integration over s the factor 2 is compensated by the factor 1/2 arising from Eq. ͑97͒ and comparison of Eq. ͑127͒ with Eq. ͑113͒ shows that the identity ͑124͒ is indeed satisfied at order 3/2
. The explicit value of D Ã͕3/2͖ is then derived from Eq. ͑113͒ with the result 
͑130͒
In terms of dimensionless parameters
͑131͒
In the strong field limit, A(u C␣ ,u C␥ ) tends to 1/30, and D ␣␥ becomes independent from B 0 ,
͑132͒
We notice that the limits where e ␣ tends to zero or where B 0 goes to infinity do not commute, since u C goes to zero in the first case and to infinity in the second case.
VII. ONE-COMPONENT PLASMA
In order to get correlations for the OCP with moving charges e Ϫ from expressions calculated for a two-component plasma ͑TCP͒, we first insert the local neutrality relation in order to replace every product e ϩ ϩ by Ϫe Ϫ Ϫ . In a second step, we use the same procedure as in Sec. VI A of Paper II: m ϩ goes to infinity, then e ϩ vanishes while ϩ becomes infinite. Moreover, we rather consider the following objects which remain finite even if one density goes to infinity: the
͑134͒
where sgn(e ␣ ) denotes the sign of e ␣ . In the limit of the OCP, only h ϪϪ is expected to survive and the left-hand side of Eqs. ͑133͒ and ͑134͒ should be reduced to e Ϫ Ϫ h ϪϪ and (e Ϫ Ϫ ) 2 h ϪϪ , respectively.
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A. In the absence of B 0
When B 0 ϭ0, for a two-component plasma, according to Eqs. ͑69͒, ͑13͒, and ͑14͒,
͑137͒
In the limit of the OCP taken as recalled above, the 1/r 6 tail of ␣␥ (2)T / ␣ ␥ and the 1/r 8 tail of ͚ ␥ e ␥ ␣␥ (2)T / ␣ , derived from Eqs. ͑135͒ and ͑136͒, respectively, vanish whatever the values of ␣ or ␥, as it should. Indeed, only h ϪϪ is expected to survive and h ϪϪ , which is in fact a charge-charge correlation, decays as fast as 1/r 10 , according to ប expansions ͓11,12͔ or perturbative results in the coupling constant ͓13͔. Besides, ͚ ␣,␥ e ␣ e ␥ ␣␥ (2)T tends to e Ϫ 2 OCP (2)T and, according to Eq. ͑137͒,
. ͑138͒
B. In the presence of B 0
In this section, we compare our low-density result with the algebraic tail derived from the low-density expansion of the exact sum rule ͑16͒. The singular term of order ͉k͉ 2 in the
(k)͉ B 0 . First, we calculate the low-density limit of S OCPsing (2) (k)͉ B 0 , which is derived from our low-density path integral formalism. The 2 term, S OCPsing
(k)͉ B 0 ͕2͖ , in the lowdensity expansion of the nonanalytic term of order ͉k͉ 2 , S OCPsing
(k)͉ B 0 , is given by the Fourier transform of the D OCP ͕2͖ /r 5 tail calculated at the first order in density. The lowdensity D OCP ͕2͖ /r 5 tail of the OCP is derived from the result for a two-component plasma, as in the absence of B 0 . According to Eq. ͑8͒, the ͓D ␣␥ ͕2͖ / ␣ ␥ ͔/r 5 tail of h ␣␥ for a TCP is proportional to ͓e ␣ e ␥ /m ␣ m ␥ ͔A(u C␣ ,u C␥ ). In the limiting process, m ϩ goes to infinity then e ϩ vanishes, so that u Cϩ tends to zero; thus, according to Eq. ͑125͒, the tails of h ϩϩ and h ϩϪ vanish while h OCP ϭh ϪϪ . According to Eq. ͑106͒ and ͓k͔ z 4 /k 2 ϭ͉k͉ 2 (cos k ) 4 , the Fourier transform of the
͑139͒
with u C ϭ␤ប c /2ϭ␤បe Ϫ B 0 /2m Ϫ c and the plasma fre-
Second, we exhibit the nonanalytic contribution in the 2 term in S OCP (2) (k)͉ B 0 which is given by the low-density limit of the exact sum rule ͑16͒. The latter expression is expanded up to order 2 at u C fixed. In other words, the expansion is performed with respect to the dimensionless parameter p 2 / c 2 ϭ4 Ϫ m Ϫ c 2 /B 0 2 which appears in Eq. ͑17͒. We obtain the structure
where a ͕n͖ , b ͕n͖ , and c ͕n͖ are functions of the single variable u C and o( 2 ) denotes a term of order greater than 2 . The term of order in 4␤e 2 S OCP (2) (k), though anisotropic, is analytical, as it should be, while the term of order 2 contains a nonanalytic term, 2 c ͕2͖ (u C )(cos k ) 4 ͉k͉ 2 . The latter one does coincide with our low-density result ͑139͒.
VIII. CONCLUSION
A. Compared qualitative results
Sign of the interaction
When B 0 ϭ0, in the case of a two-component plasma of charges e ϩ and e Ϫ , with masses m ϩ and m Ϫ , the effective interaction associated with the 1/r 6 tail of the particleparticle correlation is attractive at the first two orders in density, whatever the signs of charges. ͓Indeed, the neutrality relation e Ϫ Ϫ ϭϪe ϩ ϩ implies that the coefficients A ␣␥ ͕n͖ at order n , with nϭ2,5/2, are positive according to Eqs. ͑69͒ and ͑70͒.͔
The peculiar identity ͑70͒ between all A ␣␥ ͕n͖ / ␣ ␥ with n ϭ2,5/2 is due to a classical contribution in the screening of every quantum charge by the surrounding plasma. It is no longer satisfied at higher orders in density n with nу3, because then quantum dynamical and statistical effects are involved and destroy the symmetry between various species of particles, as shown in Sec. V D.
In the presence of B 0 , the sign of P 4 (cos) varies when ranges from 0 to , so that the effective force is either attractive or repulsive according to the relative orientation of r and B 0 as well as according to the relative signs of charges.
For instance, when ϭ0 P 4 (cos)ϭ1, the force is attractive ͑repulsive͒ between charges with opposite ͑same͒ signs; when ϭ/3, P 4 (cos)Ͻ0 and previous results are reversed.
Dependence upon thermodynamic parameters
First, we consider the variation of the coefficients of algebraic tails with respect to the temperature T and the density . Up to a numerical multiplicative factor that involves masses, the dimensionless coefficient ͉A ␣␥ ͉ is proportional to
with notations of Sec. II C. ( is a generic notation for the de Broglie thermal wave length.͒ ͉D ␣␥ ͉, which has the dimension of an inverse length, has a similar dependence,
Henceforth, ͉A ␣␥ ͉ and ͉D ␣␥ ͉ have the same sense of variation with and T. They both decrease as the density is lowered or as the temperature becomes higher. The relative corrections may be expressed in terms of dimensionless parameters which are indeed small in the regime ⌫Ӷ1 and (/a)Ӷ1. Second, we address the dependence upon the intensity of B 0 . When B 0 is weak, D ␣␥ is proportional to ប 8 B 0 4 , whereas, in the strong field limit, it becomes independent from B 0 and is only of order ប 4 . The coefficient A ␣␥ of the 1/r 6 tail when B 0 ϭ0 ͓2͔ has the same dependence upon ប as D ␣␥ in the strong field limit. An interpretation is that, in some sense, the 1/r 5 tail that appears only in the presence of B 0 is more quantum than the 1/r 6 tail, because statistical effects of B 0 are purely quantum ͑see also Sec. VIII D͒. However, when the intensity of B 0 increases sufficiently, a new effect appears: a strong field B 0 enforces a localization that drives the system into a semiclassical regime ͑see Sec. VI B of Paper II͒, and the 1/r 5 tail becomes ''less quantum'' as regards its order in ប.
B. Algebraic screening
Algebraic screening at large distances is compatible with the sum rules enforced by both internal and perfect external screening which must be satisfied in any classical as well as in any quantum regime. As recalled in Sec. II B of Paper I internal screening means that
On the other hand, perfect external screening refers to the fact that the total charge induced in the plasma in the vicinity of an infinitesimal external charge ␦q is exactly equal to Ϫ␦q.
Consequence of classical internal screening
When B 0 ϭ0, internal screening of monopole-monopole and monopole-multipole interactions plays a role in the cascade of power laws as mentioned in the Introduction. ͑See also Sec. IV B of Ref. ͓10͔.͒ From a technical point of view, at finite density, the screening of the total charge of a loop surrounded by its Debye polarization cloud ͑corresponding to the bond F cc ) combines with diffraction effects described by a monopole-dipole Debye interaction ͑contained in the bond F cm ) and this interplay leads to cancellations of some tails when particle-charge or charge-charge correlations are considered.
At the first two orders in density, it happens that only the Debye approximation S ␣␥,D cl of the classical structure factor is involved in the mechanism responsible for this cascade. Indeed, at the first two orders in density, the exact expression for A ␣␥ ͕n͖ /r 6 , with nϭ2,5/2, is equal to the tail of the convolution ͑2͒. The Debye-Hückel structure factor by itself satisfies both the charge and dipole sum rules ͑144͒ and ͑145͒, because the k expansion of ͚ ␥ e ␥ S D,␣␥ cl (k) starts at order ͉k͉ 2 when ͉k͉ goes to zero. Henceforth, Eq. ͑2͒ leads to the cascade of power laws in the low-density limit-͚ ␥ e ␥ A ␣␥ ϭ0 and ͚ ␣ e ␣ B ␣ , as it should-while B ␣ ͕nϪ1͖ /r 8 and C ͕nϪ2͖ /r 10 , with nϭ2,5/2, coincide with the tail of the convolution ͑2͒ with adequate summation over charges at corresponding orders in density.
We notice that the tail of the convolution ͑2͒ may also be interpreted as the tail of
where S ␣␥ cl,reg is the structure factor of the corresponding classical multicomponent plasma with proper short-distance regularization. Indeed, a quantum multicomponent plasma is stable against macroscopic collapse ͓14,15͔ only if all its negative or/and positive charges obey Fermi statistics. On the contrary, a multicomponent plasma with MaxwellBoltzmann statistics ͑and classical or quantum dynamics͒ has a well-behaved thermodynamic limit only if the Coulomb interaction is regularized at short distances by addition of a short-ranged repulsive potential v SR (r). ͑Quantum dynamics alone only prevents the collapse of a finite number of point charges with opposite signs.͒
The link between Eqs. ͑2͒ and ͑146͒ is the following. The classical structure factor S ␣␥ cl,reg may be represented by Mayer diagrams and
where h ␣ 1 ␣ 2 nncl,reg is defined in Sec. VIII C of Paper I. 
͑148͒
for nϭ3/2. Thus the tails of Eq. ͑146͒ with or without charge summations at the first two orders do coincide with those given in Eqs. ͑2͒, ͑5͒, and ͑62͒. We notice that S ␣␥ cl,reg satisfies both the charge and dipole sum rules ͑144͒ and ͑145͒ as well as the quantum structure factor S ␣␥ , independently of the choice of the short-ranged potential v SR (r). Henceforth, the interpretation of the A ␣␥ ͕n͖ /r 6 tail, with nϭ2,5/2, by Eq. ͑146͒ is still coherent with the cascade of inverse power laws.
Perfect external screening
We stress again that the basic rule of perfect screening of an external infinitesimal charge ␦q is not destroyed by algebraic quantum screening: the integral of the induced charge in the bulk is exactly opposite to ␦q. According to Sec. V B 3 of Ref. ͓4͔, at quantum as well as at classical levels, both the static charge-charge correlation C(r) ϭ ͚ ␣,␥ e ␣ e ␥ S ␣␥ (r) and the response function ␤͐ 0 1 dsC T (r,s) obey the charge and dipole ͑internal͒ sum rules ͑144͒ and ͑145͒ satisfied by ͚ ␣ e ␣ S ␣␥ (r)/ ␥ ͑which describes the charge e ␥ surrounded by its polarization cloud͒. C T (r,s) is the time-ordered charge-charge correlation function in imaginary time, and the quantum linear response reads
Thus the perfect external screening provides a sum rule that determines the Fourier transform of the response function up to order ͉k͉ 2 , whenever B 0 is switched on or not,
We stress that in the quantum case ͐ 0 1 dsC T (r,s) is different from the charge-charge correlation C(r), and there is no sum rule analogous to Eq. ͑150͒ for C(r). However, the classical version of Eq. ͑150͒, the so-called Stillinger- 
A consequence of Eq. ͑152͒ is that, when B 0 ϭ0, since D 2 is of order , the orders in density of the leading coefficients A ␣␥ , B ␣ , and C in the zero-density limit also undergo a cascade. A ␣␥ , B ␣ , and C start at order 2 , , and 0 , respectively. As a consequence, the coefficient of the chargecharge correlation does not vanish in the zero-density limit. This reflects the fact that results obtained in the limit of an infinitely dilute plasma do not coincide with calculations performed for particles in the vacuum, where no screening effect takes place.
When B 0 0, there is no cascade of power laws and the low-density limits of tails D ␣ /r 5 and D/r 5 of the particlecharge and charge-charge correlations are just given by the D ␣␥ /r 5 tail of the particle-particle correlation with adequate summation ͚ ␥ e ␥ and ͚ ␣ e ␣ , as it should. This property holds at higher orders in density, because the diagrammatic structures of the various 1/r 5 tails merely involve fewer and fewer diagrams as charges are summed over, according to Sec. VIII B of Paper I. The coefficients of all these 1/r 5 tails start at order 2 . The 1/r 5 tail at order 2 does disappear after integration over angles. ͑This was shown at any finite density by the use of general analyticity arguments in Fourier space given in Sec. VI C of Paper I.͒ The latter result is compatible with Eq. ͑150͒.
For the OCP, as in the case of multicomponent plasmas, the quantum response function does satisfy the above perfect screening sum rule ͑150͒ ͑see page 1122 of Ref. ͓4͔͒. Moreover, in this system, the extra exact sum rule ͑16͒ determines the coefficient of the term of order ͉k͉ 2 in the charge-charge correlation C OCP (k)ϭe 2 S OCP (k) itself, because the motion of the center of mass happens to move independently in the harmonic force created by the background. We notice that there exists another constraint in the absence of 
C. Comparison with ប expansions
In the case of a multicomponent plasma, ប expansions correspond to MB statistics and they are allowed only if the Coulomb potential is regularized at the origin ͑in order to avoid the macroscopic collapse of the multicomponent plasma, whatever the latter is in a classical or in a quantum dynamical regime͒. For instance, point particles may be replaced by spheres described by a repulsive hard-or soft-core potential v SR (r) ͑see Sec. VIII C of Paper I͒. In fact, ប expansions for correlations exist in the literature only in the case B 0 ϭ0 ͓12͔. ͑However, some attempts to investigate the case B 0 0 are in progress ͓16͔.͒ When B 0 ϭ0, at the first order in ប, namely, ប 4 , the 1/r 6 tail comes from the convolution ͑146͒. Indeed, the semiclassical expansions take the form ͓11,12͔
where V ␣ 1 ␣ 2 eff(6) ͉ ͕0͖ is given by Eq. ͑5͒ with the measure
(1) ( i ) for the immersion of a single closed curve i i into the classical gas. In the same way,
where V ␣ 1 ␣ 2 eff(5) ͉ ͕0͖ is given by Eq. ͑11͒ with the measure
In a weak-coupling regime for the classical plasma, namely, at sufficiently low density or high temperature,
(1) ( i ) tends to its Debye expression ͓12͔
͑156͒
In the zero-coupling limit, D vanishes. Then F i,D ( i ) tends to the value Ϫ D e i 2 /2, which is independent from the loop shape i , so that
͑This result would also be obtained by considering a semiclassical limit for the two quantum charges, in which case i goes to zero.͒ When B 0 ϭ0, comparison of Eqs. ͑154͒ and ͑157͒ with Eq. ͑2͒ shows that the 1/r 6 leading tail of Ϫ␤U 12 eff (r)͉ B 0 ϭ0 in the weak-coupling limit for the classical plasma does not coincide with the exact low-density ͓A ␣ 1 ␣ 2 / ␣ 1 ␣ 2 ͔/r 6 tail of the Ursell function h ␣ 1 ␣ 2 (r)͉ B 0 ϭ0 in the fully quantum many-body problem. Indeed, A ␣ 1 ␣ 2 /r 6 contains extra contributions with respect to Ϫ ␣ 1 ␣ 2 ␤V ␣ 1 ␣ 2 eff(6) (r)͉ ͕0͖ arising from bonds F cc ; these contributions make A ␣␥ ͕2͖ / ␣ ␥ independent from species ␣ or ␥, according to Eq. ͑70͒. However, when B 0 0, the large-distance behavior ͑155͒ of Ϫ␤U 12 eff (r)͉ B 0 in the same regime ͑157͒ happens to coincide with the ͓D ␣ 1 ␣ 2 / ␣ 1 ␣ 2 ͔/r 5 tail of the exact quantum Ursell function h ␣ 1 ␣ 2 (r)͉ B 0 at low density, as a result of several cancellations in screening contributions. The interpretation is the following. At the first order in density, there are indirect interactions between the two charges e ␣ and e ␥ , because the latter ones interact through Debye screening ͑which gives contributions of order 0 ) with other charges of the quantum medium and these charges have an algebraic interaction between each other. At first orders in density the involved Debye interaction is either purely classical ͑for any value of B 0 ) or of diffraction type ͑only when B 0 0). In technical words, classical Debye interactions correspond to F cc bonds and diffraction Debye contributions to F cm bonds, more precisely to the part of F cm which is a monopole-dipole Debye interaction. When B 0 ϭ0, the quantum interaction is some kind of squared dipoledipole potential possibly screened by one or two F cc bonds. When B 0 0, the interaction is either a dipole-dipole interaction W 3 screened by two F cm bonds, or a dipolequadrupole interaction W 4 screened by one F cm bond and possibly by a F cc bond, or a quadrupole-quadrupole bond W 5 , which is possibly screened by one or two F cc bonds. The indirect interactions cannot be taken into account in the simple model where all particles of the medium are classical. Besides, generically they do not cancel each other in a true quantum plasma, and it is indeed the case even in the low-density limit when B 0 ϭ0. This can be seen in another way by inspection of the intermediate formula ͑66͒. In a limit procedure where only particles e ␣ and e ␥ located at 0 and r remain quantum, a purely quantum interaction involving ͓W 3 ͔ 2 survives only between them, so that only ␦ ␣,␣ Ј and ␦ ␥,␥ Ј do contribute in Eq. ͑66͒; then we retrieve the result of the model in the weak-coupling limit. ͓We notice as a curiosity that for a symmetric two-component plasma, where e ϩ ϭϪe Ϫ and m ϩ ϭm Ϫ , we find e/m 2 ϭ0 so that, according to Eq. ͑1͒, the expression of the model happens to coincide with the quantum many-body result at low density, though the charges that are involved in screening are indeed quantum.͔ When B 0 0, it turns out that, as a result of a cancellation mechanism which takes place only when there is no exchange effect, two given quantum charges interact directly by a quantum interaction W 5 at order 2 and, at order
, W 5 is merely screened by a squared Debye interaction possibly convoluted with a single Debye term. The two quantum charges are not affected by the direct interactions W 3 , W 4 , and W 5 involving charges of the medium at the first order in density. Thus there is no indirect quantum interaction arising only from B 0 at order 2 and the lowdensity result for the true quantum many-body problem turns out to coincide with the simple result for two quantum charges in a classical bath.
An interpretation of the above cancellation is that, at the first order in density, which coincides with the low-density limit of the first order in ប, only semiclassical effects appear and the effective interaction arising from purely quantum dynamics and statistics in the presence of B 0 cannot be conveyed by quantum charges of the medium which are only semiclassically screened from the two given quantum particles.
Linear and nonlinear effects
Now, we turn to the large-distance behavior of the induced charge density. The order in density at which the leading tail of ͚ ␥ e ␥ ␥ ind,L (r;␦q) starts is determined by the lowest order in ␥ for which the coefficient of the decay of ͚ ␥ e ␥ ␣␥ (2)T (r) is linear in e ␣ . Indeed, as already mentioned in Paper I, at finite density and at any point r, the induced charge density is related to the particle-charge correlation through Eq. ͑75͒. We stress that Eq. ͑75͒ is valid even for a finite charge e ␣ and is not restricted to linear effects. At finite density, the induced charge density given by the linear response theory decays with the same inverse power law as the particle-charge correlation, as also argued in Sec. VIII C of Paper I.
When B 0 ϭ0, at first order in density, according to Eq. ͑2͒, two particles with charges e ␣ and e ␥ have both direct and indirect squared dipolar interactions with each other. The indirect interaction is conveyed by quantum charges e ␣ i of the medium which interact with the considered particles e ␣ and e ␥ by the Debye potential, which is linear in the charge, while the quantum interaction is quadratic in each charge e ␣ i . As a consequence, the B ␣ ͕1͖ /r 8 tail of the particle-charge correlation ͚ ␥ e ␥ ␣␥ (2)T (r)͉ B 0 ϭ0 at first order in density does involve linear terms in e ␣ . Thus the B/r 8 decay of the linearly induced charge density ͚ ␥ e ␥ ␥ ind,L (r;␦q)͉ B 0 ϭ0 indeed starts at order 0 , according to Eq. ͑75͒. However, when B 0 0, at first order in density, quantum particles interact only through a direct effective quadrupolequadrupole potential V ␣␥ eff(5) ͉ ͕0͖ ͓see Eq. ͑11͔͒. V ␣␥ eff(5) ͉ ͕0͖ arises from derivatives of the Coulomb interaction, which is proportional to e ␣ e ␥ , and from quadrupolar moments, each of which is controlled by the magnetic coupling constant u C␣ ϭ(␤ប/2m ␣ c)ϫe ␣ B 0 . In the limit of an infinitesimal e ␣ at B 0 fixed, the quadrupolar moment becomes quadratic in e ␣ . Thus the effective direct quadrupolar interaction is cubic in e ␣ when e ␣ goes to zero, and so is the D ␣ ͕2͖ /r 5 tail of the particle-charge correlation ͚ ␥ e ␥ ␣␥ (2)T (r)͉ B 0 at the first order 2 in the same limit. As a consequence, according to Eq. ͑75͒, the D Ã /r 5 tail of the induced charge density 
E. Classical time-displaced correlations
In the presence as well as in the absence of B 0 , the classical time-displaced correlations have algebraic leading behaviors with the same exponents as the corresponding quantum static correlations. The origin of these algebraic decays is the mass inertia which prevents any polarization cloud from following instantaneously the motion of the charge which it surrrounds, so that the average classical polarization cloud around any set of given particles does not have the symmetry properties ͑absence of multipolar moments͒ that would ensure the perfect screening ͓4͔, namely, the exponential clustering of particle distributions.
When B 0 ϭ0, as shown in Ref. ͓12͔, the classical timedisplaced particle correlation decays at least as 1/r 6 in a multicomponent plasma ͑according to an analysis of hierarchy equations͒. In the very special case of the OCP, where the particle-particle correlation coincides with the charge-charge correlation, the falloff of the time-displaced classical correlation is even faster: it decays as C(t)/r 10 , according to the behavior of the t 8 term in a small-time expansion ͓11͔. In the presence of B 0 , only the case of the OCP has been studied, to our knowledge. The charge-charge correlation decays as D(t)/r 5 . Indeed, the first-order term in the small-k expansion of the Fourier transform e 2 S OCP (k,t)͉ B 0 starts at order ͉k͉ 2 by a term given by formula ͑2.20͒ in Ref.
͓1͔. This exact result may be obtained from the microscopic Bogoliubov-Born-Green-Kirkwood-Yvon ͑BBGKY͒ hierarchy as well as from linear response and macroscopic electrodynamics. This term has the same structure as in the quantum sum rule ͑16͒ with cos( Ϯ t) in place of 
͑B7͒
Bridge 5 is analogous to the bridge diagram I bridge 6 with six bonds F cc and one root point, which is introduced in Sec. V D of Paper II for the calculation of the free energy from the diagrammatic representation of the ratio / ␣ idÃ,MB . Diagrams at next order in loop are too numerous to be presented here.
As a conclusion, the structures ͑A1͒, ͑A2͒, and ͑A3͒ of the tail S h nn (6) with two, three, or four intermediate points start
at orders loop 0 , loop , and loop 2 , respectively. Therefore the 1/r 6 tail of the particle-particle correlation starts at order 2 . Indeed, in its contribution to the particle-particle correlation, h nn is convoluted by dressings that start at order loop 0 , and the root points of h are multiplied by weights loop . Thus, up 
We have not included the third term 
